The concepts of I-limit points and I-cluster points are natural generalization of the concepts of statistical limit points and statistical cluster points, respectively, for real sequences. In the present paper we introduce the notions of I-limit points and I-cluster points for sequences of fuzzy numbers and continue with this study.
Introduction
The concepts of statistical limit point and statistical cluster point of sequences of real numbers were firstly introduced by Fridy [4] where he obtained statistical analogous of limit point results. The ideas are also discussed by Mamedov, Pehlivan [9] and Pehlivan, Mamedov [13] . Kostyrko, Salat and Wilczynski [5] presented a natural generalization of the concepts of statistical limit point and statistical cluster point for real sequences by using the notion of an ideal I of sub sets of N, the set of positive integers and called it I-limit points and I-cluster points. The theory of I-convergence for real sequences is developed and studied by many authors see [5] , [6] etc.
We also recall that the idea of ordinary convergence of sequences of fuzzy numbers was introduced by Matloka [8] where, he proved some basic properties for sequences of fuzzy numbers. Nanda [10] studied the sequences of fuzzy numbers and showed that the set of all convergent sequences of fuzzy numbers form a complete metric space. Recently Nuray and Savas [11] generalize the concept of ordinary convergence and introduced the notions statistical convergence and statistically Cauchy sequence for sequences of fuzzy numbers. The theory of statistical convergence of sequences of fuzzy numbers is studied and developed by many authors. For the study of statistical convergence of fuzzy number sequences we reffer [7] , [11] , [12] and [16] .
In 2004, Aytar [1] extended the concepts of statistical limit point and cluster point from real sequences to fuzzy number sequences and discussed the relations among sets of ordinary limit points, statistical limit points and statistical cluster points of sequences of fuzzy numbers. In the present paper we shall introduced the concepts of I-limit points and I-cluster points for sequences of fuzzy numbers and analogously proved the relations between the concern sets.
Preliminaries
Given any interval A, we denote its end points by Afuzzy number is a function X from R to [0, 1], which satisfying the following conditions; (i) X is normal, i.e., there exists an X 0 ∈ R such that X (X 0 ) = 1; (ii) X is fuzzy convex, i.e., for any x, y ∈ R and λ ∈[0, 1], X( λ x +(1-λ) y) ≥ min {X(x), X(y)}; (iii) X is upper semi-continuous; (iv) The closure of the set {x ∈ R : X(x) > 0}, denoted by X 0 is compact. These properties imply that for each α ∈(0, 1], the α-level set X α = {x ∈ R :
Puri and Ralescu [14] proved that (
, the linear structure of L(R) induces addition X+Y and scalar multiplication λ X, λ ∈ R, in terms of α-level sets, by
Definition 2.1 [8] A sequence X = (X n ) of fuzzy numbers is said to be convergent to a fuzzy number X 0 if for each > 0 there exist a positive integer m such that d(X n , X 0 ) < for every n ≥ m. The fuzzy number X 0 is called the ordinary limit of the sequence (X n ) and we write lim n→∞ X n =X 0 .
Definition 2.2
Let X = (X n ) be a sequence of fuzzy numbers. A fuzzy number U is called a limit point of the sequence (X n ) provided that there is a sub sequence of X that converges to U. Let L X denotes the set of all limit points of the sequence X = (X n ). The notion of the statistical convergence for real number sequences was first introduced by Fast [2] and Schoenberg [17] independently. Later on it was further investigated from sequence space point of view and linked with summability theory by Fridy [3] , Salat [15] , and many others. The idea is based on the notion of natural density of subsets of positive integers which is defined as follow:
The natural density of a subset A of N, the set of positive integers is denoted by δ(A) and is defined by δ(A) = lim n→∞ 1 n |{k < n : k ∈ A}| where the vartical bar denotes the cardinality of the respective set. Nuray and Savas [11] defined the statistical convergence of a sequence of fuzzy numbers as follow; Definition 2.4 [11] A sequence X = (X n ) of fuzzy numbers is said to be statistical convergent to a fuzzy number X 0 if for each > 0 the set A( ) = {n ∈ N : d(X n , X 0 ) ≥ } has natural density zero. The fuzzy number X 0 is called the statistical limit of the sequence (X n ) and we write st − lim n→∞ X n =X 0 .
In [5] and [6] authers present a new generalization of statistical convergence and called it I-convergence. They use the notion of an ideal I of subsets of the set N of positive integers to define such a concept. We also recall the following definitions of [5] and [6] . 
I-limit points and I-cluster points
For further study we shall take X = N and I will denote the ideal of subsets of N. We define the concepts of I-limit point and I-cluster point in the following way. Definition 3.1 Let I ⊂ P (N) be a non-trivial ideal in N. A sequence X = (X n ) of fuzzy numbers is said to be I-convergent to a number X 0 if for each > 0 the set A( ) = {n ∈ N : d(X n , X 0 ) ≥ } belongs to I. The fuzzy number X 0 is called the I-limit of the sequence (X n ) and we write I − lim n→∞ X n =X 0 . Let I 1 denotes the set of all sequences of fuzzy numbers which are I convergent. . Then I δ 1 is a non trival admissible ideal and the corresponding convergence coincide with logarithmic statistical convergence. Definition 3.2 Let X = (X n ) is a sequences of fuzzy numbers. The fuzzy number V is called the I-limit point of the sequence (X n ) provided that there is a subset K = {k 1 < k 2 < k 3 ...} of N such that K / ∈ I and lim n→∞ X kn = V. Let (Λ X ) denotes the set of all I-limit points of the sequence X = (X n ). Definition 3.3 Let X = (X n ) is a sequences of fuzzy numbers. The fuzzy number U is called the I-cluster point of the sequence (X n ) provided that for each > 0 the set {n ∈ N : d(X n , U) < } / ∈ I. Let I (Γ X ) denotes the set of all I-cluster points of the fuzzy number sequence X = (X n ). 
We prove that B / ∈ I. Suppose that B ∈ I, then its complement
. By hypothesis, the set C = {n ∈ N : X n = Y n } also belongs to I so its complement set
By definition of a filter, A C ∈ F(I) and therefore A ∈ I. This contradiction shows that B / ∈ I and the result is proved.
Theorem 3.2 For any sequence X = (X n ) of fuzzy numbers, I(Λ X ) ⊂ I(Γ X ).
Proof suppose that V ∈ (Λ X ), then there exists a set K = {k 1 < k 2 < k 3 ...} of N such that K / ∈ I and lim
Let > 0 be given. Now according to (1) there exist a positive integer m
Since I is an admissible ideal therefore the set on the right side belongs to F(I). This implies that A / ∈ I and so by definition of I-cluster point, V ∈ (Γ X ). Hence the result is proved.
Theorem 3.3
For any sequence X = (X n ) of fuzzy numbers, I(Γ X ) ⊂ ( L X ). Proof Let U ∈ I(Γ X ), then for each > 0 the set K = {n ∈ N : d(X n , U) < } / ∈ I. Since I is an admissible ideal so we may assume that K is an infinite set. Let K = {k 1 < k 2 < ...}. Thus we have a sequence X kn of X n such that lim n→∞ X kn = U. This shows that U is an ordinary limit point of the sequence (X n ).
Theorem 3.4
For any sequence X = (X n ) of fuzzy numbers, I(Γ X ) is a closed set. Proof Let the fuzzy number U be an limit point of the set I(Γ X ). Take > 0, then
Since V ∈ I(Γ X ) therefore the set on the right side does not belongs to I. This implies that the set {n ∈ N : d(X n , U) < } / ∈ I. Hence U ∈ I(Γ X ) and the result is proved.
Theorem 3.5 If X = (X n ) is a sequence of fuzzy numbers such that
Proof Since X = (X n ) is I-convergent to X 0 so for each > 0 the set A( ) = {n ∈ N : d(X n , X 0 ) ≥ } belongs to I. This implies that the set
We prove the result in two parts. In first we shall prove that I(Λ X ) = {X 0 } where as in second part we prove I(Γ X ) = {X 0 }. 
By virtue of (3), for each > 0 the set B = {m n ∈ N : d(X mn , Y 0 ) ≥ } is an finite set and therefore belongs to I as I is admissible ideal. This implies that the set B C = {m n ∈ N : d(X mn , X 0 ) < } ∈ F(I) i.e.,
For every 0 < 2 < d(X 0 , Y 0 ), we have the sets A C ∩B C = Φ. This implies that B C ⊂ A. Since A ∈ I, therefore B C ∈ I and therefore we obtain a contradiction to (5) . Hence, I(Λ X ) ={X 0 }.
(ii) Next we assume that I(Γ X ) contains an I-cluster point Z 0 different from X 0 i.e., I(Γ X )= {X 0 , Z 0 }. As Z 0 is an I-cluster point of the sequence X so fore each > 0 the set {n ∈ N : d(X n , Z 0 ) < } / ∈ I.
Choose > 0 such that 0 < 2 < d(X 0 , Y 0 ). Let A = {n ∈ N : d(X n , X 0 ) < } and B = {n ∈ N : d(X n , Z 0 ) < }. By the choice of we have A ∩ B = Φ. This implies that B ⊂ A C . Since I − lim n→∞ X n = X 0 , so A C ∈ I. This implies that B ∈ I and therefore we obtain a contradiction to (6) . Hence, we have I(Γ X ) = {X 0 }.
